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THE MINIMUM VARIANCE PROPERTY
References
Refer to the appropriate sections in any of the textbooks that do this proof with linear algebra.  With the aid of these notes you should be able of follow them.
Last week we saw that under the assumptions of the Classical Linear Model, the Ordinary Least Squares (OLS) estimators were linear and unbiased.  That is:

· the estimators could be expressed as linear function of Y; and,

· the expected value of the estimators were equal to the true population values.

[You should be able to show these proofs - practice presenting them as an exercise.]
We will now consider whether these estimators can be described as ‘best’ linear unbiased estimators.

In order to be the “best linear unbiased estimator”, an estimator must have the minimum variance in the class of estimators that are linear and unbiased.  That is, it must possess the minimum variance property.  We will show that under the conditions set out in the classical linear model the OLS estimators are BLUE [although we shall only consider the case of the slope parameter (].

Consider any linear unbiased estimator, 







 EMBED Equation.2  

If it is unbiased we know that,






which means that, 

.

Since the Yi’s are independent with a common  variance (2  (by the Homoscedastic assumption in the CLM), and we have 

   we can write,





Our task of finding the minimum variance property means that we have to find di so that this variance is a minimum subject to the condition that 

.  To do this we shall use the Lagrangian procedure and solve for the minimum variance condition.   On completing this we shall see that the form of the solution is the same as the form for the OLS estimator variances.

We have to minimise (di2 subject to the condition that 

.

To do this we will carry out the following procedure:

1. define the constraint;

2. define the Lagrangian function, L;

3. partially differentiate L with respect to di;
set the partial derivative equal to zero and solve for di , the solution for di should be 




which mean that the condition for the minimum variance given by di is met by the OLS weights 



 EMBED Equation.2  

, with the implication that the variances of the OLS estimators meet the criterion for having the minimum variance property. 

1. We can define the constraint in Lagrangian terms as,



2. Since we want to minimise (di2  subject to that constraint we can write the Lagrangian function L, as:






3. Partially differentiating with respect to di  and setting it to zero gives,






This gives di as,





........................   (1)
Let us solve out for di in terms of only x’s by substituting out the ( in equation (1).

If we multiply through by xi and sum over the i’s we get,





and we can write this as,






iff



and implies from equation (1) that,




which we can see is the OLS form of the 

weights wi which we defined:



.
So, to have the minimum variance property the estimator must have the form of  

, that is,




which is the same form as the least squares estimator,





.
So the OLS estimator, 

 ,  is BLUE. 

Overall we can say, therefore, that the OLS estimators, under the Classical Linear Model assumptions, are best linear unbiased estimators.
[As noted above,  I have written the conclusions in the plural although I have only shown the case of the slope parameter (, but the same holds for the OLS estimator of the intercept.  As I mentioned before, the proof for the slope parameter is the crucial one.]

This constitutes the proof of the Gauss-Markov Theorem that shows that under the Classical Linear Model assumptions, the Ordinary Least Squares estimators are BLUE.

..........................

ASYMPTOTIC PROPERTIES OF ESTIMATORS
So far we have looked at properties of estimators with any reference to the size of the sample from which the estimates are derived.  We have said, for instance, that an estimator is unbiased if  E((( ) = ( , the unknown population value.  The absence of reference to sample size suggests that the estimator will be unbiased irrespective of the sample size - whether the size is of the sample is small or large.

Some estimators, however, will only possess desirable properties such as unbiasednes as the sample size increases.  For small samples they will be biased.  Properties of estimators that are dependent on sample size, dependent, that is, on having large sample size are termed asymptotic properties.

.................

PAGE  
1
1-3

_939326850.unknown

_939328732.unknown

_939387569.unknown

_939399899.unknown

_939400285.unknown

_939400950.unknown

_939401293.unknown

_939400151.unknown

_939392373.unknown

_939392536.unknown

_939392172.unknown

_939386638.unknown

_939387168.unknown

_939329253.unknown

_939327580.unknown

_939327691.unknown

_939327237.unknown

_939325619.unknown

_939326167.unknown

_939326695.unknown

_939326012.unknown

_939324341.unknown

_939324814.unknown

_939324259.unknown

